KAHLER C-SPACES OF CLASSICAL TYPE AND 
QUADRATIC BISECTIONAL CURVATURE 



ALBERT CHAU^ AND LUEN-FAI TAM^ 

Abstract. In this article we give necessary and suiEcient conditions for 
an irreducible Kahler C-space of classical type to have nonnegative or pos- 
itive quadratic bisectional curvature, assuming the space is not Hermitian 
symmetric. The results are related to two conjectures of Li-Wu-Zheng. 
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1. Introduction 

Let {M"',g) be a Kahler manifold of complex dimension n and let o G M. 
M is said to have nonnegative quadratic orthogonal bisectional curvature at p 
if for any unitary frame Cj at a and real numbers we have 

(1.1) 5]i?,,,.,^(e-eT>o. 

Here Ruj] = R{ei,ei,ej,ej). Recall that M is said to have nonnegative bi- 
sectional curvature at o if for any X,Y e Ti^'°^(M), R{X,X,Y,Y) > 0, 
and M is said to have nonnegative orthogonal bisectional curvature at o if 
R{X,X,Y,Y) > for all unitary pairs X,Y E ri^'°^(M). Following [H] we 
abbreviate by QB > for nonnegative quadratic orthogonal bisectional curva- 
ture, B > for nonnegative bisectional curvature and B^ > for nonnegative 
orthogonal bisectional curvature. It is obvious that B > ^ B^ > ^ 
QB > 0. Note that in dimension n = 2, the conditions B^ > and QB > 
are the same. 

It is well-known that compact manifolds with B > have been completely 
classified by the works [16], [T71 |T[ |15] . By these works, we know that any 
compact simply connected Kahler manifold with B > either biholomorphic 
to CP" or is isometrically biholomorphic to an irreducible compact Hermitian 
symmetric space of rank at least 2. While the condition B^ > seems weaker, 
by the works of Chen [8j (see also and Gu-Zhang [11] we know that a 
compact simply connected irreducible Kahler manifold with B^ > is also 
either biholomorphic to CP" or is isometrically biholomorphic to an irreducible 
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compact Hermitian symmetric space of rank at least 2. Hence B > does 
not give any new class of Kahler manifolds. 

The condition QB > was first considered by Wu-Yau-Zheng [21] where 
they proved that the boundary of the Kahler cone is non-negative under this 
condition. There are other interesting properties satisfied by compact Kahler 
manifolds with QB > 0. A fundamental property of such manifolds, implicit 
from earlier works [3] (see [7] for additional references) is that all harmonic real 
(1,1) forms are parallel. Moreover, the scalar curvature must be nonnegative 
and if it is irreducible then the first Chern class is positive [7]. 

The ultimate goal is to classify Kahler manifolds with QB > 0. For the 
compact partial classification of the de Rham factors of the universal 

cover of such a manifold is given in [7]. Hence it remains to study the structure 
of compact simply-connected irreducible Kahler manifolds with QB > and 
by the parallelness of real harmonic (1,1) forms mentioned above, such Kahler 
manifolds also have 62 = 1 (see [12]). In view of the above results for B^ > 0, 
one may wonder if QB > gives any new examples, even though the condition 
is weaker than B^ > 0. To address this question, recently Li, Wu and Zheng 
|14j were able to construct an example of simply connected irreducible compact 
Kahler manifold satisfying QB > but not satisfying B-^ > 0. Their example 
is a Kahler C-space with second Betti number 62 = 1- Explicitly the example 
is (53,0:2), see ^for the definition. More generally, the following conjectures 
were raised in 1141 : 



Conjecture 1.1. 

(1) Any Kahler C-space with 62 = 1 satisfies QB > everywhere. 

(2) A compact simply connected irreducible Kahler manifold {M^,g) with 
QB > is biholomorphic to a Kahler C-space with 62 = 1- 

(3) In (2), if the manifold is not CP*^, then g is a constant multiple of the 
standard metric. 

A Kahler C-space is compact simply connected Kahler manifold such that 
the group of holomorphic isometries acts transitively on the manifold, see 
[IHllISj. There is a complete classification of Kahler C-spaces with 62 = 1? and 
this is associated with the classification of simple complex Lie algebras which 
are just An = st„+i,-B„ = 502n+i,Cn = sp2n,Dn = S02n and the exceptional 
cases Eq, Ej, Es, F4,G2. Motivated by the work in pJ:J, we prove the following 
results related to conjectures (1) and (3). 

Theorem 1.1. 

(i) The Kahler C-space {Bn,ap), n>3, l<p<n satisfies QB > if 
and only if 5p-\-l < 4n. Moreover, QB > if and only if 5p-\-l < An. 

(ii) The Kahler C-space (C„,ap), n>3, l<p<n satisfies QB > if 
and only if 5p < An-\-3. Moreover, QB > if and only if 5p < An-\-3. 

(iii) The Kahler C-space {Dn, Op), n > A, 1 < p < n — 1 satisfies QB > if 
and only if bp + 3 < An. Moreover, QB > if and only if 5p-\-3 < An. 
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We only consider Kahler C-spaces which are not Hermitian symmetric. Ac- 
cording to Itoh [13], Theorem 11.11 includes all such Kahler C spaces with 62 = 1 
arising from the classical sequence A^, C„, D„. Here QB > means that 
(11.11) is a strict inequality unless all C,i are the same. Note that if QB > 0, 
then a small perturbation of the Kahler metric will still satisfy QB > 0, see 
Lemma [2.31 (and Remark 12.11) . Hence conjecture (1) for the classical types is 
true only under some restrictions mentioned in Theorem II. H while conjecture 
(3) is too strong. Conjecture (2) however may still be true in general. 

The organization of the paper is as follows. In §2] we will state basic prop- 
erties on the condition QB > and QB > 0, which greatly simplify the com- 
putations in later sections. In §21 §l]and §3 we will prove the main theorems 
for the cases Bn, Cn and Dn respectively; details for some of the calculations 
in these sections can be found in the appendices. 

The authors would like to thank Fangyang Zheng for valuable comments 
and interest in this work. 



2. BASIC FACTS 

Let (M, g) be a compact Kahler C-space with transitive isometry group 
G, and suppose b2{M) = 1. Then any real (1,1) form p on M is given by 
p = cu + \/—lddf for some constant c and function / where u is the Kahler 
form. Now if p is G invariant then Agf is also G invariant and hence constant 
on M. Thus / is constant on M and p = cu. In particular, g is the unique G 
invariant Kahler metric on M and it is Kahler Einstein. For more discussions 
on Kahler C-space, see [21 [131 [Tg [H] . 

Kahler C-spaces with second Betti number 62 = 1 are obtained as follows, 
see [H [5l [HI [131 El [IE] . Let G be a simply connected, simple complex Lie group, 
and let q be its Lie algebra let f) be a Cartan subalgebra with corresponding 
root system A. Then g = P) © (©aeA0a)' where Qa is the root space of a. 
Fix an ordering on A with respect to a fundamental root system 
I = dimc(), and let A"*" and A~ be the set of positive and negative roots 
respectively. Let K be the Killing form for g. We may choose root vectors 
-Ea € 0Q,, a G A such that for some constants ria^p, a, /3 G A we have 

K{E^, E_„) = -1, a G A+; [E^, E^] = n^^pE^+p 

with na,i3 = n_a-i3 G K and Ua^p = if a + /3 is not a root and a + /3 (in 
which case Ea+p above is understood to be zero). Together with a suitable 
basis in f), they form a Weyl canonical basis for q. Now let 1 < r < / and let 

^tik) = I J2n,a, G A+l = A; i , A+ = |J A+(A;). 

I i ) k>0 

m+= CE„, m^= CE^, t = f) © (C^,©C^_,). 

aGA+(fc) aeA-(fc) aeA+(0) 



4 



Albert Chau and Luen-Fai Tarn 



Let P be the subgroup whose Lie algebra is P) © 0aeA\A+ C-^a- Then G/P 
is a complex homogeneous space having 62 = 1- The complexified tangent 
space of G/P at the identity element can be identified with m+ © m~ = 
(©fc>o ^fc ) ©(©fc<o ^fc ) t^^^ each a G A^{k), Ea is a holomorphic 
tangent vector with conjugate Ea = —E^a- Denote the real form of G by G' . 
By [41 [131 E]) G' acts transitively on G/P by biholomorphisms, and the G' 
invariant Kahler form on G/P is given by: 

Lemma 2.1. 

(i) In a Weyl canonical basis, letuo'^, he the dual of E^ and E^, ot G A^^. 
The G' invariant Kahler form on G/P is given on m'*' hy 

k>0 aA+{k) k>0 

(ii) [t,m^] C m^, [m^,mf] C m^+,, [mt^^k] C t. If k > I > 0, then 

The Kahler G space thus obtained is denoted as (g,ap). Conversely, every 
Kahler G space with 62 = 1 can be obtained by this construction. Thus the 
set {l/y/kEa}; a G A^, k > 1 forms a unitary basis for the tangent space 
of (0, ar) in the metric g. We call this basis as a Weyl frame. To compute 
the curvature tensor we have the following from Li-Wu-Zheng [HI Proposition 
2.1]. 

Proposition 2.1. [Li-Wu-Zheng] On (g,ar), for any 

X G m+, Y G m+, Z em+,W e m+, 
the components of the curvature tensor are given by 

(2.1) 

- - kl 

R{X, Y, Z, W) ={k - j)^k-jK{[X, W], [Y, Z]) - -^K{[X. Z], [F, W]) 
+ {k^,., + li,., + %40 K{[X, F], [Z, W]), 

if i + k = j + I, and R{X, Y, Z, W) = otherwise. Here = 1 if Q > ^ CLi^d 
= z/g<0. 

Lemma 2.2. Same notations as in Proposition \2.1[ Assume also that X, y, Z, W 
are canonical Weyl basis vectors. Suppose X = Y , and Z ^ W , then 

R{X,X,Z, W) = 0. 

Proof. Since i = j, the lemma is true if 7^ / by Proposition 12. 1[ Hence we 
assume k = I. We first assume that k < i. Then 

RiX, X, Z, W) = —^Ki[X, Z], [X, W]) + kKi[X, X], [Z, W]). 
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Let X = Ea, Z = Ep, W = E^ with a,/3,7 G A+ and a + /3 7^ and 
a + 7 7^ 0. Then [X, Z] = ria^pEa+p, [X, W] = Ua^^Ea+'y. Hence 

Ki[X, Z], [X, W]) = -n^^pn^^yK{E^+p, E.^.p). 

If a + /9 or a + 7 is not a root, then n^,/? = or n^^^, = and 

K{[X,Zl[X,W]) = Q. 

Otherwise, both E^+p and -Eq,+^ are canonical Weyl basis vectors and are in 
''^t+k by Lemma [2711 Since /? 7^ 7, and K is proportional to g on x m^;,, 
we also have K{\X, Z\ [X, W^]) = 0. 
Now recall that 

= ^ ® ( (*^^° ® 

is an orthogonal decomposition with respect to K. Now [X, X] G f). Since 
/3 — 7 7^ and [Z, W\ is either zero or is a root vector of the root /3 — 7. Hence 
we also have K{\X^ X], [Z, W\) = 0. Hence the lemma is true when k < i. 

Suppose i < k. Then it is equivalent to prove R{X, Y, Z, Z) = but 
assuming i > k and X 7^ F. In this case, 

R{X, X, Z, W) = R{Z, W, X, X) 

= --^Ki[Z,X],[W,X]) + tKi[Z,W], [X, X] ) . 

The previous argument implies the lemma is true in this well. □ 

Let {M"',g) be a Kahler manifold and p G M. Recall that QB > at p if 
for any unitary frame ca of Tp^'^\M), and any real numbers C,a we have 

(2.2) J2^^Abb{U~^b)'>0 

A,B 

where Raabb = -R(eA, e^, e^, e^). We now discuss the condition QB > in 
more detail. We will also consider the condition QB > at p which we define 
as: QB > at p with strict inequality in (12. 2p provided not all i^^s are the 
same. Now define the following bilinear forms on the space Vl'^ {M) of real 
(1, 1) forms on M : 

A,B,C,D A,B,C,D 

Gir^, a) = \{Rab9cd + Rcd9ab)p^^ o"^^ ■ 

Here p = y/^pAB^^ A_^^ _with 'Pab _= Pba with local frame ca and local 
coframe 9"^. p"^^ = g^^g^^PsF- is defined for a similarly. Rabcd = 

R{eA,eB,ec,eD)- 

Clearly, G and F are well defined real symmetric bilinear forms on 
for any p. Now let 9"^ be a unitary frame at any p with co-frame tja and let 
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a A be real numbers. Take X = ^^y/^aArj^ A ri'^^l^^{p). Then a simple 
calculation gives 

(2.3) ^ 

G{X,X)-F{X,X) = Raa(^a ~ RAABB^'AaB = 2 RAABsiO'A-a'BY- 

A A,B A,B 

The following fact was observed by Shing-Tung Yau, and communicated to 
us by Zheng [23] . 

Lemma 2.3. At any point p we have 

(a) QB>0 %f and only ifG-F>0. 

(b) QB >0 if and only if G - F > on n^/{p) \ Rlo{p). 

Here Q.^^{p) \ ]Rci;(p) is the real (1, 1) forms at p which are not a multiple of 
the Kdhler form. 

Proof. We first prove (a). The fact that G — F > implies QB > follows 
immediately from (12. 3p and the fact that rj"^ and qa are arbitrary. Conversely, 
suppose QB > and let X be any real (1, 1) form at p. Then we can always 
diagonalize X. Namely, there exists a unitary frame ca with co- frame r]^ 
such that X = J2a V—^o-aV^ A rj^. Now (12. 3p and the assumption QB > 
immediately implies G{X,X) - F{X,X) > 0. 

Now we prove (b). The proof is basically the same in part (a) once we 
observe that X e Mc(;(p) if and only if: for every unitary frame ca at p with co- 
frame rj^ we have X = c V— It^aAt^a for some real constant c. The fact that 
G - F > on n/{p) \ Ruj{p) implies QB > now follows immediately from 
(12. 3 p and the fact that r]^ and ua are arbitrary. Conversely, suppose QB > 
and let X G f2]^'^(p)\M(X'(p). Then there exists a unitary frame ca with co-frame 
Tj^ such that X = y/—laAf]^ A rj^ with a'^s not all the same. Now (12. 3p 
and the assumption QB > immediately implies G{X,X) — F{X,X) > 0. 

This concludes the proof of the Lemma. □ 

Remark 2.1. Thus QB > if and only if G — F is positive in the orthogonal 
complement of Mw. In particular, if (M, g) is a compact Kahler manifold with 
QB > then a Kahler metric which is a small perturbation of g will also 
satisfy QB > 0. 

Remark 2.2. Viewed as an endomorphism on Q^'^{M), G — F is in fact the 
curvature term in the Weitzenbock identity for real (1, 1) forms: — A is 
given by G — F up to a positive constant multiple where A^, is the Bochner 
Laplacian with respect to g and A is the Laplace-Beltrami operator. The 
standard Bochner technique and (12. 3p then gives: all real harmonic (1,1) forms 
on M are parallel provided QB > 0, moreover, dim{H^^{M)) = 1 provided 
QB >0 where (M) is the space of real harmonic (1,1) forms on M. See 
§1 for a reference to these facts and their implicit appearance in earlier works. 
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Thus to check whether QB > it is sufficient to consider G — F > in a 
unitary frame of our choice. In the case of Kahler C-spaces, the natural choice 
is a Weyl frame. By Lemmas 12.21 and 12.31 we have: 

Corollary 2.1. On a Kdhler C space, let Ric = fig and let ca be a Weyl 
frame. Then QB > if and only if the largest eigenvalues of the quadratic 
forms V . r, Raabb^aXb , with xa's real, and V a,b,c,d; Rabcd^abXcd, with 
xab = xba, are at most jj,. 

We will use the following simple fact to estimate the largest eigenvalue of a 
quadratic form. Suppose A is an eigenvalue of an n x n matrix (ajj) and let 
(xi, . . . ,Xn) be an eigenvector. Suppose \xk\ = max{|a;j| I < i < n}. Then we 
have 

Lemma 2.4. 

n 

|A| <J2m- 

Proof. This is because 

n n 

lAxfcl = l^akjXjl < \xk \ \akj\- 

□ 



3. Kahler C-space of type (_B„, Op) 



According to [13], the Kahler C-spaces with 62 = 1 of classical type which 
are not Hermitian symmetric spaces are {Bn,ap), with n > 3, 1 < p < n, 
(C„, ap), with n > 3, 1 < p < n, and {Dn, ftp), with n>4, l<p<n — 1. 

In this section, we will consider the space ap), with n > 3, 1 < p < n. 
Here Bn = s02ra+iC, consisting of complex (2n + 1) x [2n + 1) matrices of the 
form 



ABE 
CDF 
G H J 



A' = -D, = -B, C* = -C,E = -H\ F = -G\ J = 0, 



where A, B have dimension n x n, see [9]. Let Epg be the {2n + 1) x [2n + 1) 
matrix having 1 as its {p, g)-entry and zeros for its remaining entries. A Cartan 
subalgebra f) is generated by Hi = Ei^i — En+i,n+i, I < i < n with dual basis 
Li. The corresponding roots are 

(3.1) A = {±Li±Lj\l < i,j <n,i^j}U {±Li\ 1 < i < n} 
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with eigenvectors 

Li ~\~ Lj -YiJ Ei n+j Ej^ji+i: ^ 7^ J 

(3.2) ~Li — Lj '-Zij = En+ij — En+j^ii 7^ j 

Li '.Ui = Ei^2n+l ~ E2n+l,n+i 
—Li :Vi = E2n+l,i — En+i,2n+l- 

Fundamental roots are: 

(3.3) tti = Li - L2, ^2 = -^2 - -^3, • • • , Otn-l = Ln-l - Ln, = Ln- 

Positive roots are: 

(3.4) A+ = {L, + L^},^j U {Li - L,}i<, U {L,}. 
Now 







L^ 


=OLi + • 




(3.5) 


L^ 


+ Lj 


=Oli + ■ 


■ ■ + aj-\ + laj H V Ian-, i < j 




Li 


~L, 


=OLi + ■ 


■ ■ + "i-i, i < 3- 



Let 1 < p < n. Recall that 

Ap{k) = {a G A"*"! a = kup + mjOj, mj > 0, mj G Z}. 

i^p 

By (13.11) and (13. 51) . we have 
(3.6) 

A+(l) = {Li\l<i<p}U{Li + Lj\i<p + l<]}U {Li -Lj\i<p+l< j}, 
and 

(3.7) A+(2)={L, + L,|z<j<p}. 

(3.8) A;{k) = 0, 
for k > 3. 



a<p 



< = ( ex., j © I CYaA © (0Cf/„ 

^2_g^ \a<p<i / \a<p<i / 

a<6<p 

We may take the KiUing form to be K{X, Y) = ^ tr(Xr). 
Lemma 3.1. [Eij,Eki] = SjkEu - dnEkj and ii{EijEki) = 6ii6jk. 
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Lemma 3.2. 



(3.10) 




Note that if a, (3 are roots with eigenvectors Ea, Ep, then K^E^^Ep) = 
unless (3 = —a. Hence we have: 

Lemma 3.3. 



(3.11) K{Xij,Xki) = SjkSii, K{Yij, Zki) = 6jk6u - 6ikSji, K{Ui, Vj) = 



K{X,„ Yki) = K{X,j, Zu) = K{X,,, Uk) = K{X,,, \4) = K{Y,„ Y,i) 
(3.12) = K{Y,„ Uk) = K{Y,„ Vk) = K{Z,„ Z^i) = K{Z,„ Ut) = K{Z,„ V^) 
= KiUi,Uj) = K{V^,V,) = 0. 



By the above two lemmas, Xij,Yij, Zij,Ui,Vj form a Weyl canonical basis 
mod f). Now recall g = —K on x xn{ and g = —2K on x m2 , and 
hence we have: 

Lemma 3.4. Consider the vectors 

(I) .■ Xai, a < p < i; Yai, a < p < i; Ua, a <p (these vectors belong to xn^ ). 
(II) .■ Wab = -^Yab,0' <b <p (these vectors belong to m^j. 

The vectors in (I) and (II) form a Weyl frame. Their conjugates are —Xia, 
—Zia,a < p + 1 < i; —Va,a < p, —-^Yab,a < b < p respectively. The 

dimension of {Bn, ap) is ^pi^An — 3p + 1). 

From Proposition 12.11 any Lemma 12.21 we have the following lemma. The 
computations are routine, and details can be found in the appendices. 

Lemma 3.5. 

(1) R{X,Y , Z,W) = 0, if (i) three of them belong to one group and the 
remaining vector is in the other group; (ii) X, Z are in one group and 
Y , W are in the other group; or (Hi) X = Y , and Z ^ W . 

The values of the remaining components of the curvature tensors are 
given by the following formulas together with their permutations from 
the properties of R. For a, 6, c, d,e, f,g,h < p < i, j, k, I we have 



and 
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(2) 

R{Xai-, Xfjj, Xck, Xdl) = RiXai, Ybj, Yck, Ydl) = Sij6klSi„.Sad + ^ah^cd^ilSkj- 
R{Xah ^bj, ^ck, Ydl) = R{Xai, Ybj, ^ck, Ydl) = R{Xaii ^bji ^ck, ^dl) = 

(3.13) Ri^Xai , Xi,j , Yck, Y^di) = R{Y^ai , Ybj , Xck, Xdi) 



— —-^^ik^jl (SbcSad + Sabred) + ^ij^klhc^ad- 



(3) 



(3.14) R{Ua,Ub,Uc,Ud) ^\{hAd cd) • 

R{Xai, Ub, Ycj, Ud) =R{Yai, Ub, Xcj, Ud) 

(3.15) 1 

— ~ 2^i3{^bc5ad + ^ab^cd)- 

(3.16) R{Xai, Xbj, Uc, Ud) = R{Yai, Ybj, Uc, Ud) = SijdbcSad- 

(3-17) 

R{Xai, Ub, Uc, Ud) = RiYai, Ub, Uc, Ud) = R{Xai, Ybj, Uc, Ud) = 
= R{Xai, Ub, Xcj, Ud) = RiYai, Ub, Ycj, Ud) = 

= R{Xai, Xbj, Xck, Ud) = R{Xai, Xbj, Yck, Ud) = R{Xai, Ybj, Xck, Ud) = 
= R{Xai, Ybj, Yck, Ud) = R{Yai, Ybj, Yck, Ud) = 

(4) 
(3.18) 

R{Wab, Wed, Wef, Wgh) ^-j5bd{8 fh^ce^ag + ^egScfKh " ^eh^cf^ag " ^fg^ce^ah) 

+ -^SaciSfhSdeSbg + ^eg^df^bh — ^eh^dfhg — ^fg^de^bh) 
+ -j^^ad{—^fhhe^cg — ^eghf^ch + ^ehhf^cg + ^fghe^ch) 
+ 2^bc{—SfhSdeSag — ^eg^df^ah + ^eh^df^ag + ^{g^de^ah) 

(3.19) 

R{Wab, Wed, Xci, Xfj) =R{Wab, Wed, Y^, Yf j) 

~2^i3 i^bd^ce^af + ^ac^de^bf " ^ad^ce^bf " ^bc^de^af) 
R{Wab, Wed, Xci, Yfj) =0 

R{Wab, Wed, Ue, U f) =- [SbdSceSaf + ^ae^de^bj - ^oAe^b/ " ^bc^de^a/) 
R{Wab, Wed, Xci, Uf) =R{Wab, Wed, Yd, Uf) =0. 
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(3.20) 



■^{■^aii -^aii -^cki -^ck 
R{^-^aii -^aii ^cki ^ck 
R{Ua,U,,U,,U, 

R{Wab:Wab,Wef,Wef 
'^abi -^eii -^ei 
R{Wab,Wab:Ue,Ue 



R(y^aii ^aii ^cki ^ck) ^ac ~l~ 



ik 



—R{Yai, Yai, Xck, Xck) — ~2^ik {^ac + 1) + 

R{^aii ^aii ^ci ^c) ^ac- 
= ^(^ae + Saf + ^foe + ^6/) 

^R{Wab, Wab, Yei, Y^i) = ^{Sae + She) 

^2^Sae + She). 



Moreover, Ric = {2n — p)g. 

Remark 3.1. From the corollary, if a 7^ c and i = k, then R{Xai, Xai, Yck, Y^k) = 
— |. Since p > 2, there exist a ^ c <p. Hence ctp) does not satisfy > 
as expected. 

Next let us show that : 

Lemma 3.6. Let A be the largest eigenvalue of the quadratic form 



Raabb^aXb 



A,B 



in the Weyl frame, where xa are reals. 

(a) \ < 2n — p if and only if 5p + 1 < 4n. 

(b) If bp + 1 < in, then A = (2n — p) iff the corresponding eigenvector 
satisfies xa — xb for all A, B. 

(c) If bp + \ = An, then there is an eigenvector with eigenvalue {2n — p) 
such that xa^ xb for some A ^ B. 



Proof We begin with the proof of (a). Let v : Xai,yai,(i < P < i'^Ua^a < 
p;tab,a < b < p he an eigenvector corresponding to the largest eigenvalue A 
for the quadratic form. Let us denote R{Xai, X^i, X^j, X^j) by R{Xai, X^j) etc. 
Then P{v) — ^ Raabb^aXb is equal to: 
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(3.21) 



^ R{YaU Ybj)yaiybj 
a,b<p<i,j o,)b<p<i,j 

■^aiVbj ~l~ R(Yai, Xbj)yaiXbj 

a,b<p<i,j CL,b<.p<ij 

+ 2 ^ f/c)a;aittc + 2 ^ R{Yai,Uc)yaiUc 

a,c<p<i a,c<p<i 

+ 2 ^ i?(wab,^«)iaba;ci + 2 ^ R{wab,Yci)iabyci 

a<b,c<p<i a<b,c<p<i 

+ ^ -R(t/a, Ub)UaUb + 2 ^ R{Wab, Uc)tabUc 
a,b<p a<b,c<p 

+ ^ R{Wab, Wcd)tabtcd- 

a<b<p,c<d<p 



From Corollary 13. we see that if we interchange Xai and i/ai, for all a,i and 
obtain a vector w, then P{v) = P{w) and |f | = \w\. We may then assume 
that either Xai = yai for all a, or by considering v — w, that Xai = —yai and 
= tab = for all a, 6. 

Case 1 {xai = yai for all a,i.): Consider the equation satisfied by v. Con- 
sider the component of v with the largest modulus which we assume to be 
equal to 1. Suppose the component is Ua- Then we have 

XUa=^RiUa,Ub)Ub+ ^ R{XbuUa)Xbi+ ^ R{Ybi,Ua)yu 

b<P<j f)<p<j 

+ ^ R{Wcd,Ua)tcd- 

c<d<p 

Notice that the coefficients are all non-negative and the sum is just Ric(f/a, Ua) = 
2n — p. Hence \ < 2n — p. Moreover, if A = 2n — p then by Corollary 13.11 we 
must in fact have 



(3.23) Xa,i = ya,i = Ub = ted = I 

for all a,b < p < i and c < d < p. 

Similarly, if Wab has the largest modulus, we also have X < 2n — p and if 
equality holds then 03.231) is true. 

Suppose now Xai has the largest modulus. As above, we have 

XXai = ^ ^ R{Xai, Xbj)Xbj + 

(3.24) 

+ ^ RiXai, WcdjWcd- 

c<d 
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Since Xbj = ybj, this equation is the same as: 

^Xai = -{R{Xai, Xbj) + R{Xai, Yi,j))Xbj + -{R{Xai, Xf,j) 



(3.25) 



+ R{Xa^, Ybj))ybj + R{Xa^, Ub)Ub + J2 ^(^«»' ^'^d) 



Wed- 



c<d 



By Corollar\ l3.1l R{Xai, Xbj) + R{Xai, Ybj) is non- negative while the other co- 
efficients are also non-negative. Also, the sum of the coefficients is unchanged 
and is 2n — p. Hence we have X < 2n ~ p as before, and if equality holds then 
(Km is true by Corollary EH 

Similarly, if y^i has the largest modulus, we also have X < 2n — p and if 
equality holds then f l3.23p is true. 

Case 2 {xai = —yai and Ua = Wab = for all a,b.): Suppose Xai has the 
largest modulus. Then 

XXai = ^ R{Xai, Xbj)Xbj + ^ R{Xai, Ybj)ybj 

(3.26) 

= {R{Xau Xbj) — R{Xai, Ybj)) Xbj 



By Corollary 13.11 R{Xai, Xbj) — R{Xai^Ybj) > 0. The sum of the coefficients 



is: 



(3.27) J2 (^^^ + l^^^^^-" + 1)) = P + ^(P + 1) = ^(3p + 1). 

b,j ^ ^ 

Hence if 5p+l < 4n then A < 2n—p. Moreover, if 5p + l < 4n then A < 2n—p 
Now suppose 5p -|- 1 > An. Let v be such that Xai = —yai = 1, = Wab = 
for all a, b. Then 

P{v) = 2 {R{Xa^,Xb,)-R{X,„Yb,))=p{n~p){3p+l). 

a,b<p<i,j 

On the other hand, |fp = 2p{n — p). Hence P{v) > {2n — p)|fp because 
5p + 1 > 4n. This completes the proof of (a). 

To prove (b), suppose 5p+l < An. Then A < 2n—p, and as {2n—p) is always 
an eigenvalue we have A = 2n—p. Let v be the corresponding eigenvector with 
components Xai,yai,Ua,tcd- Thus P{v) = Ajvp. The above proof then shows if 
Xai = Vai for all a,i, then (13.231) must be true, while if Xai 7^ Vai for some a,i 
then we must have A < 2r;, — p which is impossible by our assumption. Hence 
(b) is true. 

To prove (c), suppose 5p + 1 = An. Then X = 2n — p in this case too. Let v 
be such that Xai = —yai = ^, Ua = Wab = for all a, b. Then the computations 
above give P{v) = X\v\'^. Since Xai 7^ yai, (c) is true. 

□ 
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Lemma 3.7. Let A be the largest eigenvalue of the quadratic form 

Rabcd^abXcd 

A,B,C,D;Ay^B,C^D 



in the Weyl frame, where xab = xba- 

(a) X <2n — p if and only if 5p + 1 < 4n. 

(b) If 5p + 1 < An, then X < 2n — p. 

(c) If 5p + 1 = An, then there is an eigenvector with eigenvalue {2n — p) . 

Proof. We begin with the proof of (a). Let v be an eigenvector corresponding 
to A and let xab 7^ B) be the component of v with the largest modulus. 
To prove that A < 2n — p provided 5p + 1 < An, it is sufficient to prove 
that Sab = Tic d-c^d \Rabcd\ < 2n — p provided 5p + 1 < An. Note that 
Sab = Sba- 

We estimate Sab case by case. 

(i) If ^4 = Xai, B = Xhj, {a,i) ^ {b,j), then by Lemma [375] 



(3.28) 




+ J2 \RiXai, Xbj, Wef, Wed) I + Yl l^i^'^i^ ^bj, Uc, Ud) \ 





{c,k)^{d,l) 



+ 




(ck)^{dl) 



+ 





{ej)^(c,d);e<f;c<d 




c^d 

I + 11 + III + IV 



Now 



(3.29) 




(3.30) 




2, if ay^b,iy^ j; 

n-p-\, a^b,i = j] 
1(1 +p) a = b,i^j. 
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0, if a 7^ 6, z 7^ j; 

(3.31) ///< { i(p-2), ay^b,i = j; 

0, a = b,i^j. 

0, if a ^ b, i ^ j; 

(3.32) < <( 1, a^b,i = j] 



0, a = b,i^j. 



Hence 



|, if a 7^ 6, i 7^ j; 



(3.33) ^AB<<; 2n-p-i(p + 3) + l, a^b,i = j; 

a = b,iy^j. 

Then since 1 < p < n, we have S'ab < 2ri — p in the first two cases in 03.33p . 
In the third case in (13.331) we will have Sab < 2n — p if 5p + 1 < 4n and 
Sab < 2n — p if 5p + 1 < 4n 

(ii) A = Xai, B = Ybj. Here each term of Sab vanishes and thus Sab = 0. 

(iii) A = Xei, B = Wed, c < d. Here, by Lemma 1331 and by considering the 
cases that c = e (which implies that d ^ e) and c 7^ e, we have 

Sab = 5Z Wed, Wed, Xefj) I 

a<b<p, f<p 

(3.34) , 

= \ - {SbdSceSaf + SacSdeSbf " ^ad^cehf " ^bc^de^af) \ < P 

a<b<p,f<p 

and thus Sab <2n— p— l<2n — p since p < n. 

(iv) A = Yai, B = Ybj, (a, i) 7^ {b,j). This case is similar to case (i) 

(v) A = Yai, B = Wed- This case is similar to case (iii). 

(vi) A = Wab, B = Wed, (a, b) ^ (c, d). 

(case 1) a = c,b ^ d. By the fact that Sab = Sba, we may assume b < d. 
So b > a = c < d. By Lemma [3.51 the only nonzero terms in the sum of Sab 
are: 



(3.35) ^ \R{Wab,Wed,Xei,Xfj)\ <^{n - p), 
e,f<P<i,j 

(3.36) ^ \R{wab,Wed,Yei,Yfj)\ <hn-p). 



e,f<P<i,j 
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(3.37) 

\R{Wab,Wcd,Wef,Wgh)\ 

e,f,g,h<p;e<f,g<h 

= ^ ^ I i^fhSdeSbg + Seg6df6bh - Seh^df^bg " SfgSdeSbh) \ 

e,f,g,h<p<;e<f,g<h 

f,h<p;d<f,b<h e,g<p;e<d,g<b e,h<p;e<d,b<h f,g^P\<i<f,g<b 

^l[{p-d) + {b-l) + {d-b-l) 



2 
and 



2' 

\p-2), 



(3.38) \R{y^ab,Wcd,U,,Uf)\ = l. 



<i,f<p;e¥'f 



So Sab < (n - p) + |(p - 2) + i < 2n - p - 1 < 2n - p. 
(case 2) a ^ c,b — d. As above, we may assume a<c. So a < b — d > 
The only nonzero terms in the sum of Sab a-re: 

(3.39) Y \Riwab,Wcd,Xei,Xfj)\ <^{n-p), 

e,f<P<i,j 

(3.40) Yl ^fj)\ <li^-p)^ 



e,f<P<i,j 



(3.41) 



E \R{yab,ycd,yef,ygh)\ 

e,f,g,h<p<;e<f,g<h 



= ^ E I i^fhSceSag + ^eg^cf^ah " ^eh^cf^ag " ^fg^ce^ah) \ 

c,.f;9:h<P<,e<f,g<h 

^li Y ^f^^ Y ^-9+ Y Y ^fa) 

f,h<p;c<f,a<h e,g<p;e<c,g<a e,h<p,e<c,a<h f,g^P'iC<f,g<a 

=^[(p-c) + (a-l) + (c-a-l)] 

1 , ^, 



Quadratic orthogonal bisectional curvature 17 

and 

(3.42) Yl \R{wab,nJcd,Ue,Uf)\^^. 

e,f<p;ej^f 

So in this case Sab = (^ ~ p) + |(p ~ 2) + | < 2n — p because p < n. 

(case 3) a ^ c,b d. As above, we may assume b < d. The only nonzero 
terms in the sum of Sab are: 

(3.43) \R{wab,Wcd,Xei,Xfj)\ <^{n-p), 

e,f<P<i,j 

Similarly 

(3.44) Yl I^K'" ^Z^)! ^li^-P)^ 

e,f<P<i,j 

(3.45) 

Y \R{Wab:Wcd:Wef,Wgh)\ 



= ^ Y I i~^fh^deSag " ^eg^df^ah + ^eh^df^ag + ^fg^de^ah) \ 

e,f,g,h<p<;e<f,g<h 



f,h<p;d<f,a<h e,g<p;e<d,g<a e,h<p;e<d,a<h f,9'^P',d<f,g<a 

^ll{p-d) + (a-l) + {d-a-l)] 

=i(P-2), 

and 

(3.46) E \R{Wab:Wcd:Ue,Uf)\^^. 

So we also have Sab < 2n — p. 

(vii) A = Ua, B = Ub, a ^ b. We may assume that a < b. The only nonzero 
terms in the sum of Sab are: 

(3.47) E \RiUa,Ub,U,,Ud)\ = l, 

c,d<p;c^d 



(3.48) 



E \R{Ua,Ub,X,i,Xdj)\^n-p, 

c,d<p<i,j;{c,i)^{d,j) 
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(3.49) \R{Ua,Ub,Y,i,Ydj)\=n-p, 

c,d<p<i,j;{c,i)^(d,j) 

and 

(3.50) \R{Ua,U„w^,w^f)\i.^ Mfp = 2.'^^'^^' 

c,d,e,f<p;{c,d)j^{e,f) 

because a < b. Hence Sab < 2(n — p) + |(p — 1) < 2n — p, Hp > 2, and 
SAB^'2(n-p) + l <2n-pifp = 2. 

(viii) A — Xai, B — Ub- The only nonzero terms in the sum of Sab are: 

(3.51) J2 \R{Xa,Ub,Ud,X,j)\<p, 

c,d<p<j 

(3.52) Yl \RiXa,UbXj,U,,\<^{l+p). 

c,d<p<j 

Hence Sab < |(3p+l) < 2n -p if 4n > 5p+ 1 and Sab < |(3p+ 1) < 2n-p 
if 4:n> 5p+ 1. 

(ix) A — Yai, B — Ub- This case is similar to (vii). 

(x) A = Wab, B = Uc- Here Sab = 0. 

We have proved above that X < 2n — p provided 5p + 1 < An. Conversely, 
suppose 5p + 1 > An. Define the vector v by: Xai^aj = 1 = —yai,aj if 7^ J; all 
other x's, y's and all t are zeros. Notice that Xai,aj etc are symmetric and real. 
-^(^) = J2a,b,c,d Rabcd^abXcd is equal to 

(3.53) 

^{'^) Yli '^R-i^ai, ^aj, ^ck, ^cl) — '^Ri^ai, ^aj, Yck, Yd] 

a,c<p<i,j,k,l;iy^j,k^l *■ 

=2p^{n — p){n — p — 1) + pin — p){n — p — 1) + p^ {n — p){n — p — 1) 
=p{n — p){n — p — l)(3p + 1). 

On the other hand, 

Y + = 2p(n - p) (n - p - 1) . 

a<p<i,j;i^j 

Hence F{v)/\v\'^ = (3p+l)/2, and we have F{v) > (2n-p)|vp if 5p + l > An. 
This completes the proof of (a). 
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To prove (b), suppose An > 5p+l. Then by the computations from (a), we 
conclude that X < 2n — p. To prove (c), note that in the above example we in 
fact have F{v) = (2n — p)\v\'^ iff 5p + 1 = An. □ 

Theorem 3.1. The Kdhler C-space {Bn,<yp), n>3, l<p<n satisfies 
QB > if and only if 5p + 1 < An. Moreover, QB > if and only if 
5p + 1 < An. 

Proof. The first statement follows from part (a) of Lemmas 13.61 and 13.71 and 
Corollary 12.11 For the second statement, note that QB >OiffG — -F>Oon 
Q^^{p) \ M.u{p) by Lemma [2.31 On the other hand, here G = {2n — p)Id on 
VL^ {p) \ W(jj{p), and thus by parts (b) and (c) of Lemmas 13.61 and Lemma 1X71 
we have G — F>0iff5p + 1< An. Thus we have QB > if and only if 
hp+l <An. □ 

4. Kahler C-space of type (C„, ap) 

We will consider the space (C„,ap), with n > 3, 1 < p < n. Here C„ = 
sp2„C, consisting of complex 2n x 2n matrices of the form 

\A BA 



X 



C D 



C' = C.B' = B,D = -A'. 



where A,B have dimension n x n, see [9]. Let Eij be the (2n) x [2n) matrix 
with (z,j)-entry equal to 1 and all other entries equal to zero. A Cartan 
subalgebra f) is generated by = En — En+i^n+i, I < i < n with dual basis 
Lj. The corresponding roots are 

(4.1) A = {±U±L,\l<t,j <n} 
with eigenvectors 

Li Lj .Xij Eji-\-j^n+i: ^ 7^ J 

Li ~\~ Lj .Yij Ei^Y^j^j -\- Ej^^j^i, i ^ j 

(4.2) —Li — Lj :Zij = En+ij + En+j/, i j 

2Li .Ui Ei^^j^i 
—2Li :Vi = En+i^i. 
Fundamental roots are: 

(4.3) ai = Li - L2, a2 = L2 - Ls, . . . , = L„_i - L„, a„ = 2L„. 
Positive roots are: 

(4.4) A+ = {Li + L,},<,- U {L, - Lj}i^,. 
Now 

Li - Lj =ai H h Oj-i, i < j <n, 

(4.5) 2Li =2{ai H h + H h «„_i) + a„, z < ra, 2L„ = 

Li + Lj =ai H h + 2{aj H h +an-i) + On, i < j < n. 
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Let 1 < p < n. Recall that 

Ap (fc) = {« G A^l a = kttp + rriiai, rrii > 0, mj G Z}. 

By f jO) and we have 



(4.6) 

and 

(4.7) 

(4.8) 

for A; > 3. 



A+(l) ={L,±L^\t<p<j}, 

A+(2) ={2L,|« < U {Li + < j < 
Ap+(A:) = 0, 



m 



(4.9) 



ITln 



0Cf/J © CF„, 

,a<P / \a<6<P 

We may take the Killing form to be K{X, Y) = ^ tr(Xr). 
Lemma 4.1. [Eij,Eki] = SjkEu - 6uEkj and ti{EijEki) = SuSjk- 
Lemma 4.2. 



(4.10) 



[Xij,Xki 
[Xij, Zki 



kl 



[Zij, z, 



-SjkXil — SilXkj, [Xij, Yki] = SjkYii + SjiYik, 

- — SiiZjk — SikZji, [Xij, Uk] = SjkYik, [Xij, Vfc] = —SikZjk 

-0, [Yij, Zki] = 6jkXii + 6iiXjk + SikXji + 6jiXik, 

=0, \Yij, Vk] = SjkXik + 6ikXjk, 

=0, [Zij, Uk] = —5jkXki — 5ikXkj, [Zij, Vfc] = 

--[V„Vj\=Q,[U„V,] = 5,,X,^. 



Note that if a, /3 are roots with eigenvectors Ea, Ep, then K{Ea,Ep) = 
unless (3 = —a. Hence we have: 

Lemma 4.3. 

(4.11) K{Xij, Xki) = SjkSii, K(Yij, Zki) = SjkSii + 6ikSji, K{Ui, Vk) = -Sik 
and 

K{X,„ Yki) = K{X,„ Zki) = K{X,„ Uk) = K{X,„ Vk) = K{Y,„ Y^) 

(4.12) = K{Y,„ Uk) = K{Y.,^, Vk) = K{Z.,^, Zki) = K{Z,„ Uk) = K{Z.,^, Vk) 
= K{Ui,Uk) = K{V,Vk) = 0. 
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By the above two lemmas, Xij,Yij, Zij, -^Ui,^Vj form a Weyl canonical 

basis mod f). Now recall g = —K on vci^ x and g = —2K on x m^, 
and hence 

Lemma 4.4. Consider the vectors 

(I) .- Xai, Yai] a < p < i < n (these vectors belong to mf ). 
(II) .- Ua, -^^hc = Wbc] b < c < p; a < p (these vectors belong to xn^)- 

The vectors in (I) and (II) form a Weyl frame. Their conjugates are 
—Xia,—Zia;—Va,—^Zha, respectively. The dimension of{Cn,Cip) is 
^p{4:n — 3p + 1). 

From Proposition 12.11 and Lemma 12. 2^ we have the following lemma. The 
computations are routine, and details can be found in the appendices. 

Lemma 4.5. 

(1) R{X,Y , Z,W) = 0, if (i) three of them belong to one group and the 
remaining vector is in the other group; (ii) X, Z are in one group and 
Y , W are in the other group; or (Hi) X = Y , and Z ^ W . 

The values of the remaining components of the curvature tensors are 
given by the following formulas together with their permutations from 
the properties of R. For a, 6, c, d,e, f,g,h < p < i, j, k, I we have 

(2) 

R{Xai, Xfjj, Xck, Xdl) = R{Yai, Yf,j, Yck, Ydi) = Sij6klSbcSad + ^ab^cd^jk^ih 
R{Xai, Xbj, Xck, Ydl) = R{Xai, Ybj, Xck, Ydl) = R{Xai, Ybj, Yck, Ydl) = 

(4.13) R(^Xai, Xbj, Yck, Ydl) = RiXai, Ybj, Xck, X^l) 

= 2^ikSjl {hc^ad — Sabred) + ^ij^kl^bc^ad- 

(3) 

(4.14) R{Ua, Ub, Uc, Ud) = 26ab6cdSbcSad. 

(4.15) RiUa, tJb, Xci, Xdj) = R{Ua, Ub, Yd, Ydj) = ^ab^ij^ad^bc 

(4.16) R{Ua,Ub,Xci,Ydj)=Q. 

(4) 

(4.17) 

R{Wab,Wcd,Wef,Wgh) =^[5bd{^ fh^ag^ce + ^eg^ah^cf + ^eh^ag^cf + ^fg^ah^ce) 

+ Sac{SfhSbgSde + ^eg^bh^df + ^eh^bg^df + ^fg^bh^de) 
+ 5ad{SfhSbgSce + SegSbhScf + Seh^bg^cf + SfgSbhSce) 
+ hci^fh^ag^de + ^eg^ah^df + ^eh^ag^df + ^fg^ah^de)] 
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(4.18) 

RiUa, Wbc, Wde, Wfg) = -J=6 abi^ egS a f S cd + ^df^ag^ce + ^dg^af^ce + ^ef^ag^cd) 

+ -^^aci^eg^afhd + ^df^aghe + ^dg^af^be + ^ef^ag^bd) 

(4.19) 

R{Wab, Wed, Xfj) =R{Wab, Wed, Yei, Yfj) 

= -5ij{^bd^af^ce + ^ac^bf^de + ^ad^bf^ce + ^bc^af^de) 

(4.20) i?(u7,b,W,d,Xei,Fy,) =0. 



(4.21) R{Ua, Ub, Wed, Wef) =Sab{SdfSaehc + ^ce^af^bd) 

(4.22) -R(f/a, W^cd, Ub, Wef) ={SaeSfbSaeSdb + ^ad^eb^af^ch) 

(4.23) R{Ua,Ub,Ue,Wde) 

(4.24) 

R{Ua, Wbe, Xdi, Xej) =R{Ua, Wbe, Ydi, Yej) = -^^iji^ab^ae^cd + ^ac^ae^bd) 
(4.25) R{Ua, Wbe, Xdi, Yej) = RiWab,^, Xd^, Yej) = 0. 

Corollary 4.1. For a, b,c,d,e, f < p < i,k we have 

R(^X(ii, X(ii^ Xek, Xek) RiY^i^ Y^i, Yek, Yek) 6ac ~\~ ^ik 
R{Xai, Xai, Yek, Yek) =R(Yai, Yai, Xek, Xek) = -^j^^ik {^ac " 1) + 



(4.26) 



R{Ua,Ua,Ue,Ue) =25,, 
R(^Xnij Xf^i^ Ue, Ue) R(Yeii, Fij; Ue, Ue) ^ac- 

R{Wab, Wab, Wef, Wef) =-(5ae + 5af + he + hf)] a <b,e < f. 

R{Wab, Wab, Xei, Xj) =R{Wab, Wab, Yei, Yei) = ^{Sae + he)] a < b. 
RiWab, Wab, Ue, Ue) =(5ae + he)] a < b. 

Moreover, Ric = {2n — p + l)g. 

Remark 4.1. As in the case of {Bn,C(p), from the corollary we can see that 
(Cn, ctp) does not satisfy > 0. 

From the corollary, the same proof as for Lemma 13.61 gives 
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Lemma 4.6. Let A he the largest eigenvalue of the quadratic form 



Raabb^aXb 

A,B 

in the Weyl frame, where xa are reals. 

(a) X < 2n — p + 1 if and only if 5p < An + 3. 

(b) If 5p < 4n + 3, then X = {2n — p) iff the corresponding eigenvector has 
Xa = xb for all A, B . 

(c) // 5p = 4n + 3, then there is an eigenvector with eigenvalue (2n — p) 
such that xb for some A ^ B. 

Proof. Part (a): the argument is identical to the proof of Lemma [3l6l (a) except 
that: in Case 1 we use that for any B the coefficients in Y^^^RlA, B)xa must 
add to 2n — p + 1 (instead of 2n — p), in Case 2 we use that 



{R{Xai,Xbj) - R{Xai,Ybj)) = ^ (-6ij - -6ij6abj 
b,j b,j ^ ' 



3 1 

-p 

T 2 



(instead of |p + |). 

Parts (b) and (c): the argument is identical to the corresponding proofs for 
Lemma I3.6[ 

□ 

Lemma 4.7. Let X he the largest eigenvalue of the quadratic form 

RabcdXabXcd 

a,b,c,d;a^b,c^d 

in the Weyl frame, where xab = xba- 

(a) X <2n — p + 1 if and only if 5p < 4n + 3. 

(b) If5p<An + 3, then X <2n-p+l. 

(c) If 5p = 4n + 3, then there is an eigenvector with eigenvalue {2n — p). 

Proof. We begin with the proof of (a). Let v be an eigenvector corresponding 
to A and let xab {A ^ B) be the component of v with the largest modulus. 
To prove that X < 2n — p + 1 provided 5p < 4n + 3, it is sufficient to prove 
that Sab = X^c d-c+d \R'Abcd I < 2n — p + 1 provided 5p < 4n + 3. Note that 
Sab = Sba- 

We estimate Sab case by case. 
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(i) A = Xai, B = Xbj, {a,i) 7^ {b,j). We may assume that a < b. By 
Lemma I 



(4.27) 

Sab = \R{Xai, ^bj, Xck, Xdi) \ + \R{Xai-, Xbj, Yck, Y^i) \ 

+ ^ \RiXai, Xbj, Uc, Wde) I + \R{Xah ^bj, Wde, Uc, ) | 
c;d<e 

+ J2 \RiXa^, Xbj, U„ Ud)\+ Yl \RiXai, Xbj,W,d, W^f) \ 

c^d {c,d)f^{ejy,c<d,e<f 



SijSklSbcSad + SabScd^jkSil 

{c,k)j^{d,l) 

+ \-SikSjl i^bc^ad — ^ab^cd) + 5ij5klhc5ad\ 

{ck)^{dl) 

+ ^ ~7K^ij [^bci^cd^ae + ^ce^da) + ^cai^cd^eb + ^ce^db)] 
c;d<e V ^ 

+ ^cd^ij^cb^ad 
c^d 



(c<i)7^(e/) 

--1 + 11 + III + IV + v 



k,(b,k)^{a,k) {c,jmd,i) 

(4-28) r 0, if a 7^6, j; 

< <J n-p, aj^b,i = j] 

P, a = b,i^j. 



{c,k)^(d,l) 



(4-29) r 1. if a ^6.. ^7: 
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(4.30) 



III = ^ -T^^ij [^bc{ScdSae + ^ce^da) + ^cai^cd^eb + ^ce^db)] 
c;d<e 

0, if a b,i j; 
<{ V2, ay^b,t=j; 
0, a^h.i^j. 



(4.31) 



= ^cdSijScbSad 
c^d 

0, iia^b,i^j; 
0, a^h,i = j; 
0, a = b,ij^j. 



+ 5 cfSbd^ae + Sce^bdSaf + ^df^bc^ea) 



2 

(c,d)^(e,/);c<d,e</ 

(4.32) 



0, if a 7^ 6, i 7^ j; 

< |(p — 2), a ^ h,i = j] hence a <h 
0, a^b,i^j. 



Hence in this case 



1 ifa7^6,i7^j; 



(4.33) Sab = { 2n-|p-i + V2, 07^6,2 = ^; 



? ^ 

a = b,iy^j, 



and in the first two cases we have Syi^ < 2n — p + 1 since 1 < p < n while in 
the third case we Sab < 2n — p + 1 iS 5p < 4n + 3 while Sab < 2n — p + 1 ifi^ 
5p < 4n + 3. 

(ii) A — Xai, B — Ybj. In this case Sab — 0. 

(iii) Xai, B ^Ub. Note that R{Xai,Th, Z ,W) = unless Z e II and 
Vl^ e 7. Hence 

(4.34) ^AB= ^ |-R(-^oi, ^b, ^d, -^cj)| + ^ |-R(-'^aj, Wde, -?cj)| 
c,d<p<j c,d,e<p<j;d<e 

= ^ ^ji(^6ci(^c(i(^a6 + ^ -l=(^ij((^6ci(^a&(^ce + (^6e(^a6(^cd) 
c,dj c,d,e,j;d<e ^ 

<1 + ^(P-1) 

and we have S'ab < 2n — p + 1 in this case since 1 < p < n. 
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(iv) A = Xai, B — Wbc, b < c. Note that R(Xai,Wb^, Z,W) = unless 
Z e II SiudW e I. Hence 

(4.35) 

Sab = ^ \R{Xai,Wb^,Ue,Xdj)\+ ^ \R{Xai,W^,Wef,Xdj\)\ 
d,e<p<j d,e,e<p<j;e<f 



d,e,3 



2 

d,e,f,j;e<f 



^ + 2(p-l), iia^b,i^j; SO a^c 
^ + a^c,i^j; so a 

0, i ^ j; or a ^ b and a ^ c. 

and in this case wc have 5,4^ < 2n — p + 1 since 1 < p < n. 

(v) A = B = Ybj, {a,i) ^ ib,j). This case is similar to case (i) 

(vi) A = Yai, B = Ub- This case is similar to case (iii). 

(vii) A — Yai, B — Whc- This case is similar to case (iv). 

(viii) A — Ua, B — Wbc: b < c. Then 

(4.36) 

Sab ^ ^ \R{Ua:Wbc:Ud,Wef)\+ ^ \R{Ua,Wbc,Wde,W fg)\ 

d;e<f {d,e)^(f,gy,d<e,f<g 

+ '^bc, Xdi, X^j) I + \R{Ua, Wbc, Ydi, Yej) \ 

{d,ime,j) 

fd^ae^cd + ^ac^ed^afhd) 

d;e<f 

+ ^ [-^^abi^eg^af^cd + ^^df^ag^ce + ^dg^al^ce + ^ef^ag^cd) 

{d,e)^U,g);d<e-J<g ^ 

+ —/^SaciSegSafSbd + ^df^aghe + ^dg^afhe + ^ef^aghd)] 
+ ^ [-J=kj{5abSae5cd + Sac^ae^bd) + -J=hj{5achd5ae + ^ab^cd^ae)] 

=7 + 77 + 777 

Note that all terms are zero, if a ^ b and a ^ c. Moreover, \i a — b, then 
c, and if a = c, then a ^ b. Hence 



(4.37) 7 



1, ii a — b; 
1, if a = c; 



Quadratic orthogonal bisectional curvature 



27 



(4.39) ni = \ ^ 



j^in-p), if 



Thus 



r ^(2n-p-2) + l, if a = 6; 
(4.40) ^AB = < ^(2n-p-2) + l, if a = c; 

[ 0, if a 7^ 6 and a ^ c, 

and in this case we have Sab < 2n — p + 1 since 1 < p < n. 

(ix) A = Ua, B = Ub with a ^ h. In this case we have 5*^^ = 0. 

(x) A = Wab, B = Wed with (a, 6) 7^ (c, d), a < 6, c < (i. 

(case 1) a = c,b d. Since S'^s = Sba, we may assume b < d. So 
b > a = c < d. By Lemma [4. 5 j the only nonzero terms in the sum of 5*^^ are: 



(4.41) J2 \Riwab,Wcd,X,i,Xfj)\<^{n-p), 

e,f<P<i,j;{e,i)¥=if,j) 

(4.42) \R{wab,w,d,Y,,,Yf,)\ < ^{n-p), 
(4.43) 



2 

e,/<p<«,j 



e,/,9<P;e</ 

(4.44) X] |i?(wa6,Wcd,We/,w;g/,)| < ^(p- 2), 

where fl4.44p is obtained from (4.16) and estimating exactly as in (3.36). In 
fact, the LHS of fl4.44p is given by the second line in (3.36) provided the 
negative signs there are changed to signs there. 
So SAB<{n-p) + l{p-2) + j^<2n-p+l. 

(case 2) a c,b = d. As above, we may assume a < c. So a < b = d > c. 
The only nonzero terms in the sum of Sab are: 

(4.45) \Riwab,Wcd,Xei,Xfj)\ <^{n-p), 

e,f<P<i,j 

(4.46) Y \R{wab,Wcd,Y,,,Yf,)\ < ^(n-p), 

e,f<P<i,j 
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^ \RiWab,Wcd,Wef,Ug)\ < ^ 



(4.47) 2^ \K[Wab,Wcd,Wef,Ug)\ S -1^, 

ej,g<p;e<f 



\R{yab,ycd,yef,ygh)\ < 



(4.48) 

eJ,9,h<P<;e<f,9<h 

where as above, (14.481) is obtained from (4.16) and estimating exactly as in 
(3.40). 

So we also have Sab < 2n — p + 1. 

(case 3) a ^ c,b d. As above, we may assume b < d. The only nonzero 
terms in the sum of Sab are: 

(4.49) \R{wab,Wcd,Xei,Xfj)\ <^{n-p), 

e,f<p<i,j 

Similarly 

(4.50) \Ri'Wab,Wcd,Yei,Yfj)\ <^{n-p), 

e,f<P<i,j 



(4.51) Y \Ril^ab,Wcd,Ug,Wef)\<^, 



(4.52) Y \Ri.Wab,Wcd,Wef,Ug)\<^, 

e,f,g<p;e<f ^ 



(4.53) 



Y \RiWab,Wcd,Wef,Wgh)\ <]r{p - 2), 



e,f,g,h<p<;e<f,g<h 



where as above, (14.531) is obtained from (4.16) and estimating exactly as in 
(3.44). 

So SAB<in-p) + l{p-2) + j^<2n-p+l. 

We have proved above that A < 2n—p+l provided 5p < 4n + 3. Conversely, 
suppose 5p > 4n + 3. Define the vector v by: Xai,aj = 1 = —yai,aj if ^ 7^ j, all 
other x's, y's and all t are zeros. Notice that Xai^aj etc are symmetric and real. 
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^(^) = J2a,b,c,d Rabcd^abXcd is equal to 
(4.54) 

-^(^) 2i?(Xai, Xaj, Xcfc, Xd) — '^R{Xau ^aj, Y^k, 

a,c<p<i,j,k,l;i^j,k^l '- 

=2p'^{n — p){n — p — 1) — p{n — p){n — p — 1) + p^iji — p){n — p — 1) 
= {n — p){n — p — l)(3p^ — p). 

On the other hand, 

XI + = 2p(r^ -p){n-p-l). 

a<p<i,j;ii^j 

Hence F(f)/|wp = (3p— 1)/2 and we have F{v) > (2n—p+l)\v\'^ if 5p > 4n+3. 
This completes the proof of (a). 



To prove (b), suppose 5p < 4n + 3. Then by the computations from (a), we 
conclude that X < 2n — p + 1. To prove (c), note that in the above example 
we in fact have F{v) = {2n — p + l)|f P iff 5p + 1 = 4n. 

□ 

Theorem 4.1. The Kdhler C-space {Cn,C(p), n>3, l<p<n satisfies 
QB > if and only if 5p < 4ri + 3. Moreover, QB > if and only if 
5p < An + 3. 

Proof. The first statement follows from part (a) of Lemmas 14.61 and 14.71 and 
Corollary 12.11 For the second statement, note that QB >OiffG' — -F>Oon 
^R^(p) \ ^^{p) by Lemma 12.31 On the other hand, here G = {2n — p + 1)1 d 
on fijg' {p) \ ]R(jj(p), and thus by parts (b) and (c) of Lemmas 14.61 and Lemma 
14.71 we have G — F > iff 5p < 4n + 3. Thus we have QB > if and only if 
5p < 4n + 3. □ 



5. Kahler C-space of type (£>„, ap) 

In this section we will consider the space (-D„, a^), with n>4, l<p<n — 1. 
Here Dn = S02n+iC, consisting of matrices of the form 

^ ^ ,A' = -D,B' = -B,C' = -C. 

See [9]. This case is similar to the case {Bn,ap). Using the notations as in 
section 131 In fact it is more simple. Again, a Cartan subalgebra [) is generated 
by Hi = Ei^i — En+i^n+i, 1 < i < n with dual basis Lj. Roots are 



(5.1) 



A = {±L,±Lj\l<i,j <n,ij^j}. 
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Lj — Lj :Xij; i j 



—Li — Lj :Zi^j\ i ^ j 

Fundamental roots are: 

(5.3) ai — Li — L2, a2 — L2 — L^, . . . , q;„_i = -^n-l ~ L^, O-n — -^n-l + -^n- 
Positive roots are: 

(5.4) A+ = {Li + Lj},<,- U {Li - Lj}i<j. 

Now 
(5.5) 

Li + Lj ^Ui H h aj^i + 2a j H h 2ci;„_2 + q;„_i + q;„, i < j <n — 2 

Li + Ln-i ^ai H h an, i < n - 1 

Lj + L„ =Q;j H h Q;n-2 + Oin, i <n - 1 

Lji-l + Ln —Oifi 

Li - Lj ^ai H h ftj-i, i < j. 

Let 1 < p < n — 1, 

Ap (/c) = {q; e A"*" I q; /cttp + mjaj, > 0, G Z}. 

Then 

(5.6) A+(l) ={L, - L,|i < p < j} U {L, + Lj\i <p< j}, 

(5.7) A;{2)={L, + L,\t<j<p}. 

A+(3) = 0. 



(5.8) 



\o<p<i / \a<p<i 

mt = CYa,b. 

a<b<p 

We may take the KiUing form to be K{X, Y) — ^ tr(Xy). 
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Lemma 5.1. Let 

(I) ; Xai, a < p < i; Yai, a < p < i. (All vectors in this group are in xUi .) 
(II) .- Wab = -^Yafi, a < b < p. (All vectors in this group are in va^ ■) 

The vectors in (I) and (II) form a Weyl frame. Their conjugates are —Xia, 
—Zia,a < p < i; —^Ya^b,o. < b < p respectively. The dimension of {Dn,ap) 

is |p(4n — 3p — 1). 

Hence the computations in section [3] remains unchanged, except the vectors 
Ua, Va do not appear in this case. In this case, Ric = (2n — p — l)g and we 
have: 

Theorem 5.1. The C-space {Dn, Op), n > 4, 1 < p < n — 1 satisfies QB > 
if and only if 5p + 3 < An. Moreover, QB > if and only if 5p + 3 < An. 

Remark 5.1. As in the B and C cases, one can see that {Dn,ap) does not 
satisfy B^ >0. 

6. APPENDIX 1: COMPUTATIONS OF CURVATURE OF {Bn,ap) 
Let us compute the curvature, R{X, Y, Z, W). Recall: 
Lemma 6.1. [Eij,Eki] = SkjEu - 6uEkj and tr{EijEki) = Sa6kj 

1: R{X,Y , Z,W) = 0, if (i) three of them belong to one group and the 
remaining vector is in the other group; (ii) X, Z are in one group and Y, W 
are in the other group; or (iii) X = Y, and Z ^ W. 

The values of the remaining components of the curvature tensors are given 
by the following formulas together with their permutations from the properties 
of R. For a, b, c, d,e, f,g,h < p < i, j, k, I we have 

2: X, Y, Z, W are in (I): In this case, we have 



R{X,Y,Z, 



W) 



-K{[X,Z],[Y,W]) + K{[X,Y],[Z,W]) 




K{5ijXab — SabXji, 6klXcd — ScdXik) 
^ij^kl^bc^ad + ^ab^cd^il^kj 




-K{[Xai, Xck], [Xjb, Zld]) + K{[Xai, Xjb], [Xck, Zid\) 



0. 
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(6.3) 

— — 2-^([^aj' '^ck], [^jb, Zid]) + K{[Xai, Xjh], [Y^k, Zia]) 

— — -^K{—SikYac, —SjlZbd) + K{5ijXab — SabXji, SklXcd + Scd^kl) 

— — 2^ikSjl {SbcSad — SabScd) + ^ij^klhc^ad — ^ab^cd^ik^jl 

— — -^^ik^jl {^bc^ad + ^ab^cd) + ^ij^klhc^ad 

(6.4) 

R{^aii Ybji Xck, Ydl) — ^—-K{[Xai, Xck], [Zjb, Zid]) + K{[Xai, Zjb], [Xck, Zid]) 

=0. 

(6.5) 

R{^ai, Ybj-, Yck, Ydi) = — -K{[Xai, Y^k], [Zjb-, Zid]) + K{[Xai, Zjb], [Y^k, Zid]) 

=0. 

(6.6) 

R{Yai, Yhj, Yck, Ydi) — — -K{[Yai, Yck], \Zjbi Zid]) + K{[Yai, Zjh], [Yck, Zid]) 

—K{SijXab + SabXij, SklXcd + ScdXkl) 
—SijSklSadhc + SjkSilSabScd- 

R{Ua, Ub, Uc, Ud) = - Ik{[U,, Uc], [Vb, Vd]) + K{[Ua, H], [Uc, Vd]) 
(6.7) = - ^K{Yac, Zu) + K{Xab, Xcd) 

— ~ Iji^bcKd — Sabred) + ^ad^bc- 

R{Xai, Ub, Ycj, Ud) = - ^K{-5ijY,c, -Zbd) + K{[X,,, Vb], [Y^j, Vd]) 

^^'^^ = -^Sij{6bcSad + ^ab^cd) 

—R{Yai, Ub, Xcj, Ud). 

R{Xa„ Xbj, Uc, Ud) = - Ik{[X,„ Uc], [X,b, Vd]) + K{[X,„ X,^], [Uc, Vd]) 

^^■^^ =SijSbcSad 

=R{Y^,Y,^,UcMd). 
(6.10) R{Xai,Ybj,Uc,Ud)^^. 



Quadratic orthogonal bisectional curvature 33 

(6.11) 

R{Xah Ub, Uc, Ud) — R{Yai, Ub, Uc, Ud) — R{Xai, Y^j, Uc, Ud) — 

— R{Xai, Ub, Xcj, Ud) — R{Yai, Ub, Ycj, Ud) — 

— R{Xah Xbj, Xck, Ud) — R{Xai, Xbj, Yck, Ud) — R{Xai, Ifej, Xck, Ud) — 

— R{Xai, Ybj, Yck, Ud) — R{Yai, Ybj, Yck, Ud) — 

3: X, Y, Z, W are in (II): In this case, we have 

R{X, Y, Z, W) = -K{[X, Z], [Y, W]) + 2K{[X, Y], [Z, W]) 



(6.12) 

R{Yab, Ycd, Yef, Ygh) = - K{[Yab, 1^/], [Zdc, Zhg]) + 2K{[Yab, Zdc], [Yef, Zhg]) 
—2K (^SbdXac + SacXbd — SadXbc — SbcXad, 

^fhXeg + SegXfh — 5ehXfg — SfgX^hj 

=26bd{^fh^ce^ag + ^eg^cf^ah ~ ^eh^cf^ag — ^fg^ce^ah) 
+ 26ac{SfhSdeSbg + ^eg^dfhh — ^eh^dfhg — ^fg^de^bh) 
+ 25ad{—5fhhe5cg — ^eghf^ch + ^eh^bf^cg + ^fghe^ch) 
+ '^hci — Sfh^deSag — SegSdfSah + Seh^d/Sag + SfgddeSah)- 

4: X,Y,Z,W are not all in one group. By 1, 2, the only nonzero case is 
X, Y in one group and Z, W in another group. So we may assume X, Y in 
group (II) and Z, W in group (I). So 

R{X, Y, Z, W) = -^KiiX, Z], [Y, W])+Ki[X, Y], [Z, W]) = K{[X, Y], [Z, W]), 
because [X, Z\ e trig and is . 

(6.13) 

R{Wah, Wed, Xei, Xfj) ^-K{[Yab, Zdc], [Xei, Xjf]) 

= 2-^i^bdXac + SacXbd — ^adXbc — ^bcXad, ^ijXgf — SgfXji) 
= i^bd^ce^af + ^ac^dehf — ^ad^cehf — hc^de^af) 



(6.14) 



R{Wab, Wed, Xei, Yfj) =-K{[Yab, Zde], [Xei, Zjf]) 

=0. 
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(6.15) 

1 

R{Wab, Wed, Yei, Yfj) ^-K{[Yab, Zdc], [Ygi, Zjf]) 

= -^K(^SbdXac + ^acXbd — ^ad^bc — ^bc^ad, ^ij^ef + ^ef^ij) 
~2^ij i^bd^ce^af + ^ac^dehf — ^ad^cehf — hc^de^af) 

R{wab, Wed, Ue, Uf) =^K{[Y,,, Zad, [U^, ^/]) 

(6-16) {^bdXac + ^ac^bd " ^ad^bc " hc^ad, ^ef^ 

= 2 i^bd^ce^af + ^ac^de^bf " ^ad^ce^bf — ^bc^de^af) ■ 

(6.17) R{Wab,Wcd,Xei,Uf) = R{Wab,Wcd,Yei,Uf) = 0. 

Now let us compute the eigenvalues of the Ricci tensor: 
(6.18) 

Ric{Xai, Xai) ^ ^ i^ac + ^ik)--^ ^ (^ife ((^ac + 1) + ^ ^ac + ^^ac 

c<p<k c<p<k c<p<k c<p 

+ IY1 i^ca + Sda) 
c<d<p 

=n- ^(l+p) + (n-p) + l + ^(p-l) 
—2n — p. 

(6.19) Ric{Yai,Yai) = '2n - p 

(6.20) 

Ric(t/„, Ua) = J][-^(5a6 - 1) + Sab] + 2 ^ab + ^ ^ {Sac + Sad) 

b<p b<p<i c<d<p<i 

=^(P+l) + 2(n-p) + ^(p-l) 
—2n — p. 
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Ric(Wa6, Wab 



.) =2 i^ae + Saf + She + Sbf) + ^ ^ (^"^ + Sbe) 




(6.21) 




=p - 1 + 2(n -p) + 1 
=2n — p. 



Hence Ric — {2n — p)g. 

7. APPENDIX 2: COMPUTATIONS OF CURVATURE OF (C„, Ctp) 

1: R{X,Y , Z,W) = 0, if (i) three of them belong to one group and the 
remaining vector is in the other group: (ii) if X, Z are in one group and Y, W 
are in the other group. 

The values of the remaining components of the curvature tensors are given 
by the following formulas together with their permutations from the properties 
of R. For a, b, c, d,e, f, g, h < p < i, j, k, I we have 

2: X, y, Z, W are in (I): In this case, we have 



R{X, Y, Z, W) = ~K{[X, Z], [Y, W]) + K{[X, Y], [Z, W]). 




~ 2-^(["^««' ^ck], [Xjb, ^Id]) + K{[Xai, Xjb], [Xck, Xid]) 



Sij^klhc^ad + Sab^cd^jk^U- 




-K{[Xai, Xck], [^jb, Zld]) + K{[Xai, Xjb], [Xck, Zld]) 



0. 



(7.3) 



~ 2^{[^ai, Yck], [Xjb, Zid[) + K{[Xai,Xj^, \Yck, Zid]) 



~ ^^i^ikYac, —SjlZbd) + K{6ijXab — SabXji, 6klXcd + ^cd-^w) 

2^ik^jl i^bc^ad + ^ab^cd) + hj^klhc^ad — ^ab^cd^ik^jl 
1 

^^ikSjl {Sbc^ad — ^ab^cd) + ^ij^klhc^ad 
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=0. 

(7.5) 

R{^ai, Ybj, Yck, Ydl) = — 2-^([^«i' ^cfe], [Zjb, Zid]) + K{[Xai, Zjb], [Ycfc, Zid]) 
=0. 

R{Yai, Yfjj, Yck, Yfu) — — K{[Yai, Yck], [Zjb-, Zi^]) + K{[Yai, Zj^], [Yck, Zi^) 

(7.6) =K{SijXab + SabXij, 5kiXcd + ScdXki) 

3: X, y, Z, W are in (II): In this case, we have 

R{x, y, z, w) = -K{[x, z], [y, w]) + 2X([x, y], [z, w]). 

R{Ua, Ub, Uc, Ud) = - K{[Ua, C/c], [H, l^d]) + 2X([C/„, H], [C/c, Fd]) 

(7.7) =25a65cd-fr(X„6, ^cd) 

—ISab^cdhc^ad- 

(7.8) 

= y/2{6abScdSbJae + ^ab^cehc^ad) 

=0.( since d < e) 

R{Ua, Ub, w,d, Wef) = - lK{[Ua, Y,,], [Vb, Yf,]) + K{[Ua, Vb], [Y,,, Zf,]) 

(J.Q) =K{6abXab, SdfXce + SceXdf + ScfXde + SdeXcf) 

^Sab{SdfSae5bc + ^ce^afKl + ^cf^aehd + ^de^a}hc) 
—^abi^dfKe^bc + ^ce^af^bd) 

(7.10) 

R{Ua, Wed: Ub, Wef) = ' ^^([f^a, Ub], [Z^c, ^/e]) + K{\Ua, Z^e], [Ub, Z f,]) 
=K{dcaXad + ^da^ac, ^eb^bf + ^/6^6e) 

= {SaeSebSafSdb + SacSfb^ae^db + ^ad^eb^af^eb + ^ad^ fb^ae^eb) 
— {^ae^fb^ae^db + Kd^ebKf^eb) 
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= - ^K{[Ua, Y,,], [Zeb, Z,f] + -^K{[Ua, Z,,], [F,e, ^./]) 
—-^K{5baXac + Scarab, ^eg^df + ^df^eg + ^dg^ef + SefX^g) 
= -^(^ab{SegSafScd + ^df^ag^ce + ^dg^af^ce + ^ef Sagged) 
+ -^^aci^eg^af^bd + ^df^ag^be + ^dg^af^be + ^ef^ag^bd) 
R{Wab,Wcd,Wef,Wgh) 

= - ^K{[Yat„ Yef], [Zdc, Zng]) + lK{[Ya,, Zdc], [Yef, Zng]) 

= -K{5MXac + ^acXhd + Kd^bc + ^foc-^ad, 

(7.12) hhXeg + S^gXfh + 8ehXfg + SfgXeh) 

— -^i^bdiSfh^agSce + ^eg^ah^cf + ^eh^ag^cf + Sfg^ah^ce) 

+ Saci^fh^bg^de + ^eghh^df + ^ehhg^df + Sfg^bh^de) 
+ ^adi^fhhg^ce + ^eghh^cf + ^eh^bg^cf + ^fghh^ce) 
+ SbciSfhSagSde + ^eg^ah^df + ^eh^ag^df + <^/9<^afe5de)] 

4: X, y, Z, W are not all in one group. By 1, 2, the only nonzero case is 
X, Y in one group and Z, W in another group. So we may assume X, Y in 
group (II) and Z, W in group (I) . So 

i?(x, y, ly) = -^i^([x, z], [?, w^])+/r([x, ?], [z, w]) = K{[x, F], [z, w]), 

because [X, Z] — 0. 

R{Ua, Ub, X„, Xaj) =K{pa, Vb], [X,,, X, J) 

(7.13) =K{5abXab, SijXcd — ScdXji) 

=5ab^ij^adhc 

i?(^a, t/ft, >rf,) =i^([^a, H], Z,,]) 

because a,b < p < 

R{Ua, Ub, Fci, Yaj) ^K{[Ua, H], [V^^, ^d,]) 

(7.15) ^K{SabXab: ScdXij + 5ijXcd) 

—Sab^ijSad^bc- 
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R{Ua, Wbc, Xdi, Xej) =-j=K{[Ua, Zcb], [Xdi, Xje]) 

(7.16) =—^K{SabXac + SacXab, SijXde — SdeXji) 

,^ , -R(t^a, Wbc, Xdi, Ycj) =-^K{[Ua, Zcb], [Xdi, Zje]) 

[7.17) y/I 

=0. 

because a,b < p < 

R{Wab, Ul, Xdi, Yej) ~K{[Yab, Vc], [Xdi, Zje]) 



because a,b < p < 
(7.19) 

R{Ua, Wbc, Ydi, Yej) ^;^-^([^»' ^'^^'l' t^*' ^Je]) 

— -^K{5acXab + KbXac, ^ijXde + ^deXij + SdjXig + SieXdj) 
= -^^ij{^achdSae + ^ab^cd^ae) 

(7.20) 

R{Wab, Wed, Xei, Xfj) —-K{[Yab, Zdc], [Xei, Xjf]) 

— ^^{SbdXac + ^acXbd + 5adXbc + hcXad, ^ijXef — SefXij] 

+ 5 

ac hf^de + Sad^bf^ce + hcKf^de) 

21) R{Wab, Wed, Xei, Yfj) ^]^K{\Yab, Zdc], [Xei, Zjf]) 

=0. 

because a,b < p < i, j. 

R{Wab, Wed, Yei, Yfj) =^K{[Yab, Zde], [Yei, Zjf]) 

22) —-^-^i^dbXae + ^acXdb + ^adXbc + ^bcXad, 

SefXij + SijXef + SejXif + difX^j) 
1 

= -^^ij{^db^af^ce + ^ac^df^be + ^ad^bf^ce + ^bc^af^de) 
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Now let us compute the eigenvalues of the Ricci tensor: 
(7.23) 

ab 

b,j b b,c 

=(n -p) +p + ^{l-p) + {n-p) + l + ^{p-l) 
=2n — p + 1. 

(7.24) Ric(y„,,l^)=2n-p + l. 



(7.25) 



Ric(^7„, Ua) = J2 ^^ab + Yl ^^-b + J2^Sab + ^ac) 
b,j b b<c 

=2(n - p) + 2 + (p - 1) 
=2n - p+ 1. 



(7.26) 

Ric(Wa6, W^) = ^((^ac + ^bc) + ^^(^ac + ^bc) + J]] 2 ^'^"'^ '^^'^ '^'"^^ 

c,j c c,(i 

=2(n - p) + 2 + ^[(a - 1) + (p - a) + (6 - 1) + (p - b)] 
^2n-p+l. 
Hence Ric = (2n — p + l)^'. 
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